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A linear morphological stability analysis of a planar interface in interface reaction-

controlled growth is presented. We allow the mobility of the interface to be a

function of the elastic stress, and �nd that the stress dependent mobility can be

either stabilizing or destabilizing. We �nd that a stress dependent mobility can be

the dominant factor leading to instability at small stresses. The predictions are

compared to the recent experiments by Barvosa-Carter et al. In agreement with

their conclusions, we �nd that the experiments were performed in a parameter

range where the stress dependent mobility is the dominant cause of instability. The

prediction of the critical wavenumber for and ampli�cation rate of the instability

is consistent with the experimental results.

1 Introduction

The stability of interfaces in elastically stressed solids has been the subject of great

interest recently. A reason for this is the connection between the stability of a

surface of a thin �lm that is deposited on a substrate and the subsequent evolution

of the �lm morphology. It is clear that an elastic-stress driven morphological in-

stability results in a planar �lm undergoing a transition to islands for a review, see

[1]. Controlling this instability is thus central to the production of novel electronic

and optoelectronic devices because the properties of such devices depend upon the

morphology of the �lm. For example, under some circumstances nanoscale islands

called \quantum dots" form which can exhibit unique electronic properties as a re-

sult of carrier con�nement within the small volume of these dots. However, devices

with well characterized properties require that the size of the dots be relatively

uniform.

To date, much of the work has been focused on the interfacial instability that

is driven by the elastic energy in the system. This instability, identi�ed by Asaro

and Tiller (AT) [2] and many others [3, 4, 5, 6], follows from the dependence of the

chemical potential on the elastic energy density. Consider a solid under uniaxial

stress in contact with a uid. Although the stress in the unperturbed or basic

state is uniform, this is not the case when the interface is nonplanar. When the

surface is perturbed the stress is concentrated at the troughs, in analogy with the

stress concentration of a crack, and relieved at the peaks. Because the chemical

potential is linearly proportional to the elastic energy density, the chemical potential

of an atom is higher at the trough than at the peak and atoms thus move from

the trough to the peak tending to make the peaks higher and the troughs deeper.

Opposing this, of course, is surface energy that would tend to move atoms in the
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opposite direction and lead to a planar surface. The stress concentration in the

trough appears in both compression and tension, and thus the AT instability is

independent of the sign of the applied stress.

Given the basic mechanism, the development of the elastic energy driven, or

AT, instability must also depend on the mode of mass transport. Thus, the elastic

energy driven instability has been examined in the context of bulk di�usion [2],

surface di�usion [4, 5, 6] and evaporation-condensation [4, 7]. The evaporation-

condensation model is, essentially, a completely kinetically controlled interface in

which the rate-limiting mass transport process is atom motion across an interface

between a solid and another solid, a vapor, or even a liquid. In this case the veloc-

ity of the interface is linearly proportional to the di�erence between the chemical

potential at the surface and that in the parent phase. The type of mass transport

process does not alter the critical wavenumber of the instability, it alters only the

dependence of the growth rate of the instability on wavenumber.

The elastic energy driven instability in alloys has also been examined. In an alloy

the chemical potential couples to both the stress and the composition. Moreover,

as stresses can result from gradients in composition in the solid, the composition

and stress are also coupled through the continuum mechanics. As before, however,

the evolution of the surface occurs by gradients in the chemical potential for surface

di�usion driven mass transport [8, 9, 10, 11], or by the di�erence between the chem-

ical potential and that in a uid for evaporation and condensation mass transport

[12]. These compositionally generated stresses can act to either enhance or prevent

the usual AT instability [9, 11, 12]. In addition, compositionally generated stressed

can cause an instability even in the absence of an applied stress [10, 11, 12, 13].

All of this work, however, assumes that the relevant transport coe�cient, the

surface di�usion coe�cient for surface di�usion limited interface motion, or the

interface mobility for interface reaction-limited interface motion, is independent of

elastic stress. Atomistic simulations have shown that the surface di�usion coe�-

cient can be linearly proportional to the elastic stress on the surface. However, re-

cent experiments by Barvosa-Carter et al (BC) have shown that a stress-dependent

interfacial mobility alone can generate an interfacial instability when the transfor-

mation is interface-limited [14]. The mechanism for the kinetic instability follows

from the observation that the change in the mobility with stress in certain cases can

be linearly proportional to the stress. Consider a basic state consisting of a moving

planar interface under uniform uniaxial stress. Assume that the stress compres-

sive, i.e. negative, and that the mobility increases with increasingly positive stress.

Then at the troughs, where the stress is the more negative than that of the planar

state, the mobility is smaller than that of the planar interface. Conversely at the

peaks, where the stress is larger than that of the basic state, the mobility is larger

than that of the planar interface. Thus the troughs grow slower and peaks grow

faster than the moving planar interface. In this case the stress-dependent mobility

is destabilizing.

Moreover, experiments have shown that the amorphous to crystalline (a-c)

transformation in Si is an ideal system in which to explore this kinetic instabil-

ity. The stress dependence of the interfacial mobility has been measured [15]. The
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mobility, M , was found to depend upon stress, �, as

M (�ij) = �M exp
�
V �

ij�ij=kT
�

(1)

where V �

ij is the activation strain [15], �M is the mobility of the interface in the

absence of stress, k is Boltzmann's constant and T is temperature. For the Si(001)

a-c interface, V �

11
= V �

22
= 0:14
, and V �

33
= �0:35
, where 
 is the atomic

volume, and the o�-diagonal elements are zero. The transformation is completely

interface reaction-limited, and the other relevant materials parameters have been

measured. It is possible to carefully control the morphology of the initial interface

using lithography. Finally, because, V �

11
> 0 a compressive uniaxial stress �11 < 0,

should result in an interfacial instability. Such an instability was observed by BC.

BC analyzed the instability using a fully nonlinear numerical approach. This

approach has the advantage of being able to follow the instability into the strongly

nonlinear, large-amplitude, regime and con�rmed that the instability was, in fact,

responsible for the nonplanar morphologies observed in the experiments. However,

because the analysis was numerical, it was di�cult to establish the relationship

between the various materials and processing parameters that control the insta-

bility. Grinstein, Tu and Terso� [16] examined analytically the e�ects of a stress

dependent mobility in the context of thin �lm oxidation. The motion of the inter-

face in this case is controlled by both interface mobility and long range di�usion.

Given the complexity of the problem, however, they did not focus on the reaction-

limited case, and their treatment of long-range di�usion is controversial [18, 19].

Yu and Suo have recently considered the reaction-limited case as well, focusing on

the two-dimensional patterns that might be formed on the interface [17].

We present a linear stability analysis of a planar interface where the motion of

the interface is interface reaction-limited. We allow for a stress dependent interfacial

mobility and examine its e�ect on the stability of the interface. Using the materials

and processing parameters of the BC experiments, we make a comparison between

theory and experiment with no adjustable parameters. However, we assume that the

amorphous phase into which the crystal grows is stress-free. Extrapolation of the

known [20] viscous blow behavior of a-Si indicates that although there is a signi�cant

amount of relaxation in the BC experiments, it does not go to completion in the

experimental time scales. We also assume M to be independent of crystallographic

orientation. Although the mobility of the (001) interface is known to be 20 times

faster on (001) than on (111), M at (001) is an extremum due to crystal symmetry.

Nevertheless, we shall neglect this orientation dependence. The e�ects of growth

kinetic anisotropy and ow in the a-Si layer on the instability are currently under

investigation.

2 Theory

The crystal grows into the amorphous phase at a constant velocity v in the positive

x3-direction where x3 is parallel with the [001] direction. All quantities except

stress and activation strain are assumed to be isotropic.

The motion of the a-c interface is kinetically limited, thus in the limit of small
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driving forces, v is given by [14, 15]

v = �M (�) [�Gv +WpV +W (�) + �] (2)

where M (�) is the stress-dependent interface mobility, � is the stress in the small

strain approximation, the chemical driving force for crystallization �G0

v is the Gibbs

free energy change (�G0

v < 0) per unit volume of growing phase upon crystallization

of stress-free material at a planar interface,WpV is the pV work done on the system

by external forces per unit volume crystallized, W (�) is the elastic strain energy,

� is the small strain tensor,  is the interfacial energy, � is the mean curvature of

the interface (reckoned positive for a spherical crystal). The elastic strain energy

is assumed to be negligible in the parent phase and we will neglect WpV . Since the

transformation is isothermal and occurs in a pure material, the only �eld equation

that must be solved is that for the elastic stress.

The stress �eld is found by requiring that the crystal is in elastic equilibrium,

�ij;j = 0 (3)

where summation of repeated indices from 1 to 3 is assumed. The stress is linearly

related to the strain,

�ij =
E

1 + �

�
�

1� 2�
�kk�ij + �ij

�
(4)

where E is Young's modulus and � is Poisson's ratio. The strain is related to

gradients in the displacement uj ,

�ij = (ui;j + uj;i) =2 (5)

Using Eq. (5) and Eq. (4) in Eq. (3) yields Navier's equations for the displacement

�eld in the crystal,

(1� 2�)ui;kk + uk;ki = 0 (6)

The a-phase is assumed to be stress-free, and thus along the a-c interface,

�ijnj = 0 (7)

where nj is the normal to the interface pointing into the a-phase. Finally, the elastic

energy density is given by,

W = �ij�ij=2 (8)

In the unperturbed, or basic state, the interface is planar and moving at a

constant velocity into the amorphous phase. The applied stress in the crystal is

biaxial and of magnitude �0
11

= �0
22

= �a. The stress-free boundary condition,

Eq. (7), implies �i3 = 0 throughout.

To examine the linear stability of the moving planar interface located at x3 = 0,

we perturb the height of the interface in the x3-direction, h = h (x1; x2) and all
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other quantities in normal modes,0
BBBBBB@

h

v

ui
M

W

�

1
CCCCCCA

=

0
BBBBBB@

0

v0

u0i
M0

W 0

0

1
CCCCCCA
+ �

0
BBBBBB@

ĥ

v1

u1i
M1

W 1

�1

1
CCCCCCA
� (9)

where � = exp (iq � x+ rt), q and x are the wavevector and position vector, respec-

tively, in the plane of the interface, � � 1 and t is time. If r > 0 the perturbation

grows and if r < 0 the perturbation decays. If r is imaginary then an oscillatory

instability is possible.

Using Eq. (9) in Eq. (2) we obtain in the basic state, � = 0,

v0 = �M0
�
�G0

v +W 0
�

(10)

The perturbed velocity is

V 1 = �
�
�G0

v +W 0
�
M1

�M0W 1
�M0�1 (11)

We now need to �nd M0;M1;W 0;W 1; V 1 and �1.

The elastic strain energy density in the basic state follows from the stresses

given above,

W 0 = �2a=Y (12)

where Y = E=(1��). The strain energy density in the perturbed state is determined

by solving Eq. (6) with the boundary condition Eq. (7) and the condition that the

u1i (x3)! 0 asx3 ! �1 [21]. Using these displacements in Eq. (5) and substituting

into Eq. (4) and using Eq. (8) yields the magnitude of the perturbed elastic strain

energy density along the interface [12],

W 1 = 2ĥ(1 + �)q�2a=Y (13)

where q = jqj. In addition, the magnitude of the trace of the stress is

�1kk = �2ĥ(1 + �)q�a: (14)

The mobility of the interface in the basic and perturbed states, M0 and M1

respectively, can be found by using Eq. (1)

M (�) = �M

�
1 +

�ijV
�

ij

kT

�
(15)

where we have assumed that �ijV
�

ij=kT � 1, Thus,

M0 = �M

 
1 +

�0ijV
�

ij

kT

!
(16)

M1 =
�1ijV

�

ij

kT
(17)

where �0ij and �1ij are the stresses in the basic and perturbed states, respectively.
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To determine �1ijV
�

ij , we �rst rewrite it as,

�1ijV
�

ij = �1kkV
�

11
+ (V �

33
� V �

11
)�1

33
(18)

because for an (001) surface of a cubic crystal, V �

11
= V �

22
[15]. From Eq. (7) we

�nd �1
33

= 0. Using this and Eq. (14) in Eq. (18) yields

�1ijV
�

ij = �2ĥ(1 + �)V �

11
�aq: (19)

Using the stress in the system with a planar interface,

�0ijV
�

ij = 2V �

11
�a: (20)

Using these stresses in Eq. (16) and Eq. (17) yields

M0 = �M

�
1 +

2V �

11
�a

kT

�
(21)

and

M1 = � �M2ĥ(1 + �)V �

11
�aq=kT (22)

Thus, if V �

11
> 0, a compressive stress decreases the mobility of the planar interface.

For compressive stresses the perturbed mobility M1 is in phase with the interface

shape. Therefore the mobility is the highest at the peaks and the lowest at the

troughs.

The remaining terms in Eq. (11) are functions only of the shape of the inter-

face. Using the de�nition of the curvature in cartesian coordinates, the form of the

perturbed interface, and by taking the derivative with respect to time we obtain,

�1 = ĥq2

v1 = ĥr (23)

Using Eq. (23), Eq. (21), Eq. (22), Eq. (12)-Eq. (14) in Eq. (11) yields the

dispersion relation,

r
�M
=
�
(1 + �)��Gv�a + 2��2a + 3���3a

�
q

� (1 + ��a) q
2 (24)

where � = 2V �

11
=kT and � = (1 + �)=Y . The dispersion relation is linear in r and

thus instability cannot be oscillatory.

The wavenumber at which the growth rate of the instability is zero, qc, is found

by setting r = 0.

qc =
(1 + �)��G0

v�a + 2��2a + 3���3a
(1 + ��a) 

: (25)

For q < qc, r > 0; for q > qc, r < 0, see Figure 1. The wavenumber with the

maximum growth rate, qm, is given by qm = qc=2. Thus qc determines the length-

scale of the instability.
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Figure 1. Ampli�cation rate of the instability as a function of the wave number of the disturbance

for the a-c Si transformation in the B-C experiments.

3 Discussion

The dispersion relation is quadratic in the wavenumber, q, with the terms related to

the elastic stress being linear in q and the interfacial energy related terms going as

q2. Interfacial energy is always stabilizing, because by assumption �aV
�

11
=kT � 1.

Thus any instability is driven solely by the elastic stress. Note that there is no

Mullins and Sekerka instability due to the absence of any long-ranged di�usion

�eld. Of the terms that depend upon the applied stress, the term that is quadratic

in the stress is the classical elastic energy driven Asaro-Tiller (AT) instability. In

this reaction-limited case the AT instability is linear in q and not cubic as it is in

the usual case where the instability develops by surface di�usion. The term that is

linear in the applied stress can be either stabilizing or destabilizing depending on

the sign of the product ��a, If ��a < 0, as in the a-c Si BC experiments, the stress

dependence of the mobility itself can drive an interfacial instability. The term that

is cubic in the applied stress is the AT instability modi�ed by the stress dependent

mobility.

Because ��a < 0 under compressive stresses for the Si(001) a-c interface, both

the stress dependent mobility and the elastic energy promote instability. As shown

in Eq. (24), both e�ects have the same scaling with the wavenumber and thus it

can be di�cult to determine which phenomenon is responsible for an experimentally

observed interfacial instability. However, the elastic energy driven instability scales

with stress in a di�erent manner than the mobility driven instability. It is clear that

for a su�ciently small applied stress, the stress-dependent mobility will dominate.
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When ��a < 0, this will occur when

(1 + �)��Gv

2��a + 3���2a
� 1: (26)

Using the values for the a-c Si interface under the conditions employed in the BC

experiments we �nd that LHS of the inequality is approximately 12, and thus the

instability of the interface is predicted to be due to the kinetic instability.

Conversely, if ��a > 0, then the stress-dependent mobility is stabilizing. The

critical stress, �ca below which the stress-dependent mobility will stabilize the AT

instability is found by setting the �rst term in the brackets of Eq. (24) to zero,

�ca = �1= (3�) +
�
1� 3�2 (1 + �)�Gv=�

�1=2
= (3�) (27)

For the a-c Si system, this yields a stress of 9.6 GPa. All tensile stresses below

this value result in an interface that is stable against the AT instability. Prelimi-

nary experimental results [22] con�rm this prediction. Thus in the a-c Si system

very large (perhaps impossibly large) tensile stresses are required to overcome the

stabilization due to the stress-dependent mobility.

The dispersion curve for the a-c transformation in Si is shown in Figure 1,

where we have used �a = �0:5GPA [14], Y = 100GPA, � = 0:25, T = 520C,
�M = 4:52 � 10�20m2=Js [23], �Gv = �6:27 � 108J=m3 [24] and  = 0:4J=m2

[25, 26]. The length scale of the interfacial instability is provided by the critical

wavenumber, Eq. (25), and can be also be read directly from Figure 1. The critical

wavelength, �c = 2�=qc, of the instability is 8.5 nm. Thus perturbations with

wavelengths in excess of 8.5 nm will amplify and those with wavelengths less than

8.5 nm will decay. The critical wavenumber of the AT instability, qATc is,

qATc = 2�2a�= (28)

For the BC experiment, this yields �ATc = 2000nm. It is thus clear that the length

scale of the kinetically driven instability can be quite di�erent from that driven

solely by elastic strain energy. The wavelength of the kinetically driven instabil-

ity with the maximum growth rate is 17 nm. Unfortunately, the BC experiments

were unable to determine qc because, for reasons of experimental practicality, they

started not with a planar interface but rather with an interface with a large initial

sinusoidal perturbation with a wavelength of 400 nm. They found that a perturba-

tion of this wavelength is unstable, and thus is consistent with this prediction. The

experimentally observed ampli�cation rate of such a perturbation is 6� 10�5=sec

whereas the predicted ampli�cation rate is 1:6�10�4=sec. This is very good agree-

ment considering the uncertainties in the materials parameters.

It has been suggested that the stress dependent mobility may also a�ect the

evolution of elastically stressed interfaces when growth is not fully reaction-limited

[14]. To investigate this possibility, we consider an interface evolving in a fully

surface di�usion-limited regime in which the atomic mobility for di�usion, MD, is

stress-dependent. In this case the velocity of the interface is related to a surface

gradient in the chemical or di�usion potential at the surface,

v / rs �MD (�)rs (�Gv +WpV +W (�) + �) (29)
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where rs denotes the surface gradient operator. Consider the case of a planar

surface where the basic state stress is constant. Perturbing about this state gives

v0 + v1� / �rs �

�
M0

D + �M1

D�
�
rs

�
�W 1�+ ��1�

�
(30)

Because the elastic energy density and chemical driving force in the basic state are

constants, they are not present in Eq. (30) and thus the e�ects of the perturbed

atomic mobility, M1

D, are on the order �
2. Therefore the stress-dependent mobility,

or a stress-dependent surface di�usion coe�cient, will not a�ect the linear stability

of a uniformly stressed planar surface in purely surface di�usion-limited growth.

However, a stress-dependent atomic mobility will clearly a�ect the nonlinear, or

large amplitude, evolution of the surface. In addition, a stress-dependent interfacial

mobility will continue to a�ect the linear stability in a situation of mixed di�usion

and interface reaction control.

4 Conclusions

The linear stability analysis for interface reaction-limited growth shows that when

the mobility depends upon stress it can either lead to morphological instability or

act to stabilize the planar interface. In addition, the more classical elastic energy

driven AT-instability is also present. However, because the kinetically-driven insta-

bility scales linearly with the applied stress and the AT instability is quadratic in

the applied stress, the kinetically-driven instability should dominate at low levels of

stress. When the theory is applied to the a-c transformation in Si, we �nd that for

the parameters used in the BC experiments the observed interfacial instability is

a result of the stress dependent mobility. Finally the predicted critical wavelength

and ampli�cation rate of the kinetically driven instability is consistent with the

experiments.
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